REGULARIZATION OF POINT VORTICES FOR THE EULER
EQUATION IN DIMENSION TWO
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ABSTRACT. In this paper, we construct stationary classical solutions of the incompress-
ible Euler equation approximating singular stationary solutions of this equation. This
procedure is carried out by constructing solutions to the following elliptic problem

—?Au=(u—q—L£Inl)E, x € Q,
u =0, x € 01,
where p > 1, Q C R? is a bounded domain, ¢ is a harmonic function.

We showed that if 2 is simply-connected smooth domain, then for any given non-
degenerate critical point of Kirchhoff-Routh function W(z1, - - - , z,,) with the same strength
k > 0, there is a stationary classical solution approximating stationary m points vortex
solution of incompressible Euler equations with vorticity mk.

Existence and asymptotic behavior of single point non-vanishing vortex solutions were
studied by D. Smets and J. Van Schaftingen in [20].
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1. INTRODUCTION AND MAIN RESULTS

The incompressible Euler equations
vi+ (v-V)v=—-VP,
V-v=0,
describe the evolution of the velocity v and the pressure P in an incompressible flow. In

R2, the vorticity of the flow is defined by w = V x v := 0,v5 — Oyv1, which satisfies the
equation

(1.1)

wr +v-Vw=0.
Suppose that w is known, then the velocity v can be recovered by Biot-Savart law as
following:
1 —zt
2 [af?
where 2t = (15, —x1) if 2 = (21, 72). One special singular solutions of Euler equations is
given by w = Y"1 K;0z,1), which is related

T K (x — x;(t -
yo o3 fmaO)

27 [z — 2,
1

V=W *
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and the positions of the vortices z; : R — R? satisfy the following Kirchhoff law:

dZEZ‘ . n
Ri— = (Ve W)

where W is the so called Kirchhoff-Routh function defined by

1 N Kk 1

W(xy, - xm) = = “Z 1o .

(1 ) 22 21 g’l’l—l‘]|

i#j

In simply-connected bounded domain € C R?, similar singular solutions also exist. Sup-
pose that the normal component of v vanishes on 02, then the Kirchhoff-Routh function

1S

1 — 1 —
W(xy, - Tm) = 5 ; kik;G (24, ) + 3 Zl k2 H (x5, 77), (1.2)
1#£] =

where G is the Green function of —A on Q with 0 Dirichlet boundary condition and H is
its regular part (the Robin function).

Let v, be the outward component of the velocity v on the boundary 0€2, then we see
that fm v, = 0 due to the fact that V - v = 0. Suppose that vq is the unique harmonic
field whose normal component on the boundary 02 is v,,, then v satisfies

V- Vo = 0, in Q,
V x Vo = 0, in Q, (13)
n- vy = v,, onoll.

If Q is simply-connected, then v can be written vy = (V4)y)*, where the stream function
1 is determined up to a constant by

—A@Z)O = O, in Q,
1.4
—% = v,, ondf?, (14)
or

where % denotes the tangential derivative on 0€2. The Kirchhoff-Routh function associ-
ated to the vortex dynamics becomes(see Lin [16])

W(.Tl, ce 7xm> = % ; /iij(:ci, l’j) + % 21: H?H(l’i, $z) + 21: lill/)()(xl) (15)
1F] 1= 1=

It is known that critical points of the Kirchhoff-Routh function WV give rise to stationary
vortex points solutions of the Euler equations. As for the existence of critical points of W
given by (1.2), we refer to [5].

Roughly speaking, there are two methods to construct stationary solutions of the Euler
equation, which are the vorticity method and the stream-function method. The vorticity
method was first established by Arnold and Khesin [3] and further developed by Burton
[7] and Turkington [21].
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The stream-function method consists in observing that if ¢ satisfies —Ay = f(¢) for
some function f € CYR), then v = (Vy)* and P = F(v ) ;|V¢|2 iS a stationary
solution to the Euler equations, where (Vi))! := (g—;é, —g—i fo s. Moreover,
the velocity v is irrotational on the set where f(v)) = 0.

Set ¢ = —1g and u = Y — 1)y, then u satisfies the following boundary value problem

{—Au = f(u - Q)v z e, (16>

u =0, x € 0N

In addition, if we suppose that infg ¢ > 0 and f(t) = 0, t < 0, the vorticity set {z : f(¢) >
0} is bounded away from the boundary.

The motivation to study (1.6) is to justify the weak formulation for point vortex solu-
tions of the incompressible Euler equations by approximating these solutions with classical
solutions.

Marchioro and Pulvirenti [17] have approximated these solutions on finite time intervals
by considering regularized initial data for the vorticity. On the other hand, the station-
ary point vortex solutions can also be approximated by stationary classical solutions. See
e.g. [6, 19, 20, 21, 22] and the references therein. It is worth pointing out that the above
approximations can just give explanation for the formulation to single point vortex solu-
tions. In this paper, we will show that multi-point vortex solutions can be approximated
by stationary classical solutions. There are many results for problem (1.6) on the existence
and asymptotic behavior of solutions under various assumptions. In [4, 6, 12, 19, 21|, the
constrained variation methods were used to find solutions for the equation

(1.7)

—Au = \f(u—q), x € €,
u:O, {EE@Q,

under the constraint [, F(u — q) = p, where A > 0 is a Lagrange multiplier a priori
unknown. On the other hand, in [1, 2, 18, 22, 23], the solutions were obtained by using
Mountain Pass Lemma for various nonlinearities. For the asymptotic behavior, Berger and
Fraenkel [6] began studying the asymptotic behavior for variable p and ¢, but the lack of
information about A is still an obstacle.

To avoid this obstacle, Yang [22] studied the minimization of the functional £ [, [Vul* —

% [ F(u — ) under the natural constraint [, |Vul* — % [, uf(u — q) = 0 and obtained
the asymptotic behavior of the solutions u. as € — 0 for Q R? +, q( ) = Wy + d, where
W,d > 0. That is, set A. = {z € Ry : f(u.—q) > 0}, k. = % [, f(u-—q) and z. € A., then
diamA; — 0, dist(z.,0R}) — 0 and ¥ — G(z.,-) — 0 in I/VIU(RQ) for r € [1,2). Later
on, similar results were obtained in [14] for bounded domains with additional information
that ¢(z.) — ming ¢. However, it has been pointed out in [20] that the solutions obtained
above corresponded to desingularization of point-vortex solutions with vanishing vorticity.
To get non-vanishing vortex solutions, D. Smets and J. Van Schaftingen [20] investigated
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the following problem

+ )

u =0, on 012,
and gave exact asymptotic behavior and expansion of the least energy solution by esti-
mating the upper bounds on the energy. The solutions for (1.8) in [20] were obtained by
finding a minimizer of the corresponding functional in a suitable function space, which can
only give approximation to a single point non-vanishing vortex. This method is hard to
obtain multiple non-vanishing solutions.

In this paper we approximate stationary vortex solutions of Euler equations (1.1) with
multiple non-vanishing vorticity by stationary classical solutions. Our main result con-
cerning (1.1) is the following:

{—62Au: (u—q— 5= In %)p in €, (18)

Theorem 1.1. Suppose that Q C R? is a bounded simply-connected smooth domain. Let
vy © 00 — R be such that v, € L*(0Q) for some s > 1 satisfying [,,v, = 0. Let
k > 0 be given and k; = Kk, i = 1,--- ,m. Then, for any given non-degenerate critical
point (z3, -+, xk,) of Kirchhoff-Routh function W(z1, -+ ,xy,) defined by (1.5), there ezists
go > 0, such that for each € € (0,e0), problem (1.1) has a stationary solution v. with
outward boundary flux given by v,, such that its vorticities w. satisfying

supp(we) C UL, B(; e, Ce) for zic €, i=1,---,m

/ws — MK,
Q
*

(xl,m' o 7:Em,€) - (l’}{, e 7$m).

and as e — 0

Remark 1.2. The simplest case, corresponding to a single point vortex (m = 1) was studied
by Smets and Van Schaftingen [20] by minimizing the corresponding energy functional.
In their paper W(z1 ) — supzeoW(z). Even in the case m = 1, our result extends
theirs to general critical points (with additional assumption that the critical point is non-
degenerate). The method used in [20] can not be applied to deal with general critical point
cases. The method used here is constructive and is completely different from theirs.

Remark 1.3. In this case that m = 1 suppose that z; is a strict local maximum point of
Kirchhoff-Routh function W(z) defined by (1.5), statement of Theorem 1.1 still holds which
can be proved similarly(see Remark 1.5). Thus we can obtain corresponding existence result
in [20].

Theorem 1.1 is proved via the following result concerning problem (1.8):

Theorem 1.4. Suppose ¢ € C*(Q). For any given k > 0 and for any given non-degenerate
critical point (x5, -+, xk) of Kirchhoff-Routh function W(xq,- - , x,,) defined by (1.5) with
Ki = K, fori=1,--- ,m. Then, there exists g9 > 0, such that for each ¢ € (0,&q), (1.8)
has a solution u., such that the set ). = {x : u.(x) — SrTid q(z) > 0} has exactly m

components €. ;, 1 =1,--- ,m, and as € — 0, each §2. ; shrinks to a point x; € (2.
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Remark 1.5. For the case m = 1 suppose that x; is a strict local maximum point of
Kirchhoff-Routh function W(z) defined by (1.5), statement of Theorem 1.4 still holds
which can be proved by making corresponding modification of the proof of Theorem 1.4
in obtaining critical point of K(z) defined by (4.1)(see Propositions 2.3,2.5 and 2.6 [9] for
detailed arguments).

For domains which may not be simply-connected, we show in the following result that
the topology of the domain plays an important role in the existence of solutions.

Theorem 1.6. Suppose that the homology of ) is nontrivial. Then, for any positive integer
m, there exists eg > 0, such that for each ¢ € (0,¢¢), (1.8) has a solution u., such that the
set Q. = {x : u(x) — T q(x) > 0} has ezactly m components Q. ;, 1 =1,--- ,m, and
as € — 0, each Q. ; shrinks to a point x; € Q. Moreover x} # x} if 1 # j.

Remark 1.7. Since m is arbitrary, from Theorem 1.6, we can see that the number of
solutions for (1.9) is unbounded as § — 0.

Not as in [20] where (1.8) is investigated directly, we prove Theorem 1.1, Theorem 1.4

and Theorem 1.6 by considering an equivalent problem of (1.8) instead. Let w = Kﬁga'u
and 6 = 5(%)%, then (1.8) becomes
—82Aw = (w —1- H|2h’fglq(ac)>p , in €,
+ (1.9)

w =0, on 0f2.

For any solutions of problem (1.9), we denote Q, = {z : w(x) — 1 — Hfh’:a'q(x) > 0}.

We will use a reduction argument to prove Theorem 1.4 and Theorem 1.6. To this end,
we need to construct an approximate solution for (1.9). For the problem studied in this
paper, the corresponding “limit” problem in R? has no bounded nontrivial solution. So,
we will follow the method in [10, 11] to construct an approximate solution. Since there
are two parameters J, € in problem (1.9), which causes some difficulty to us, we must take
this influence into careful consideration and give delicate estimates in order to perform the
reduction argument.

As a final remark, we point out that problem (1.9) can be considered as a free boundary
problem. Similar problems have been studied extensively. The reader can refer to [8, 10,
11, 13, 15] for more results on this kind of problem.

This paper is organized as follows. In section 2, we construct the approximate solution
for (1.9). We will carry out a reduction argument in section 3 and the main results will be
proved in section 4. We put some basic estimates in the appendix.

2. APPROXIMATE SOLUTIONS

In the section, we will construct approximate solutions for (1.9).
Let R > 0 be a large constant, such that for any x € Q, Q CC Bg(x). Consider the
following problem:
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(2.1)

—5?Aw = (w —a)t, in Bg(0),
w =0, on dBg(0),

where a > 0 is a constant. Then, (2.1) has a unique solution W, which can be written as

a+ 02D 2l () ) < s,

S5

2.2
aln%‘/ln%, ss < |z| < R, (2:2)

Wsa(x) = {
where ¢(x) = ¢(|x|) is the unique solution of

and s; € (0, R) satisfies

_ — — a
52/ (@ 1)36 2/(p 1)¢/(1) _ 1n(55/R)’

53 o/ (1)) \ PV
WH( P >0, asd— 0.

Moreover, by Pohozaev identity, we can get that

/ gt = PV e and [ @ = omle )]
B1(0) 0)

2 Bi(

which implies

For any z € Q, define W, ,(v) = Wy (2 — z). Because W, , does not vanish on 0€2, we
need to make a projection. Let PW; ., be the solution of

—82Aw = (W0 —a)f, in Q,
w =0, on 0f).

Then
a
PWé,z,a = Wé,z,a - ln_ﬁg(x7 Z)) (23)
S5

where g(z, z) satisfies

—Ag =0, in
g=1In kr_]jd’ on 0.

It is easy to see that

g(x,z) =In R+ 2rh(zx, z),

where h(zx,z) = —H(x, 2).
We will construct solutions for (1.9) of the form
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m
Z PW(S,ZJ',CL(SJ' + ws,
j=1
where z; € Q for j = 1,2,--- ,m, w; is a perturbation term. To obtain a good estimate for
ws, we need to choose as ; properly.
By (2.3), we have

- - - , » (2.4)
. P as,j q
- Z (W(svzj:aé,j o G/(S,j)_,'_ - (Z <W6’era5,j - ln_ﬁg(y’ z])) - 1 - K/| 1n8|) :
j=1 g=1 % +
Denote Z = (21, -+ , z,,) € R*™. In this paper, we always assume that z; € Q2 satisfies
d(ZJ789)ZQ>O7 |ZZ_ZJ|ZQEa 27.]:17 y 1y Z%Ja (25)
where o0 > 0 is a fixed small constant and L > 0 is a fixed large constant.
For:=1,---,m, set
G(z,2) =1In i (x, )
i) = ——— =g, %),
’ |z — 2] g
. 27rq(zl) 9(zi,z) = G( zl,zj
silZ) /<;|1ne\ In & %: In £
Let t5;, 1 = 1,--- ,m, be the solution of
, p=1
N
4] In §|(P—1)/2 asi(Z)
Let (as1(Z),- - ,asm(Z)) be the solution of the following system:
a A:1+27rq(zi) 4 (2 z~)—§:&@(z~ ;) i=1,---,m (2.6)
d,1 /<;|1n5| lntﬂg 1y ~1 - Ili_ i %5 ) ) ) . .
8,1 ]751 tfsa]
For each i € {1,--- ,m}, letting s5; denote the solution of
§2/0-1) g-2/0-1) g1y = @ilZ)
° (1) In(s/R)

then, we have

1 1 L0 In|lne|
In(R/ss,) N In(R/e) |Ingl?2 )

We can solve (2.6) to obtain (as1(Z),- -+ ,asm(Z)). Moreover, we have
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k|lne|

2mq(z; m ¢
14 2maz) Z#iﬁa&j(Z)G(zi,zﬂ
-

. i 5]
as;(Z) = I (2.7)
1 R
ts,i
and
In|lne|
(Z)=as:2)+ O .
ow?) = a6:2)+0 ()
In addition, a;;(Z) are smooth in z;, i, =1,--- ,m. For simplicity, in this paper, we will
use as;, s, instead of as,;(Z) and as,(Z).
Define

Pszj=PWs; a5, (2.8)

Then, we find that for x € By, (2;), where L > 0 is any fixed constant,

27Tq( ) as.i 2mq(x)
Ps 7i(x) — sasi(T) — —g(x, 2) — 1 —
6,7, (fL’) /€| ln5| 0,23, 5,z(x) In Sf. g(CL’ Z) /ﬁ)‘ h’lE‘
Qs as;
W sias, () = 1 = =29z, 2) = —5 ((Dg(zi, ), = 2) + O(fe - =)
H;ﬂ_ ln;
27rq(zl) 2m 5
Dq(z), v — 2z;) + O(|lr — 2
) I (Dale.a = 2+ Olle = =)
27q(2;) 27
—W Z;,a - 1 - - D i) — %
b (1) = 1= A~ T (Dg(a), 2~ 2
2
as.i as.; S5,
- , 1y ~1) T D 1y <1 ) — % O : )
o) — e (Dol =20 +0 (1)

and for j # i and x € By, ,(2), by (2.2)

as, as; =
Prj(w) = Wisy05,(0) = =5 9(w, ) = -G, 2))
56,5 56,5
as.; as 3,
LY 1O J_(DG(z : 0( )
ln% (z,zJ)Jrln;( (20 27) @ — 2) + \lne\

So, by using (2.7), we obtain
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- 2mq(x
ZP(S,ZJ(x) 1 Q( )
j=1

k|Ine|
21 ag;
_W&Zi,aé,i(m) — Qsi — H‘ ln5| <DQ(ZZ')’ T — Z%> - In & <Dg(zi’ Z,),l‘ - Z,) (29)

86,1

+Zln |Ine|

J#i 55,5
We end this section by giving the following two formula which will be used in the next
two sections.

2
s, _ 52,
67]& <DG(Zi7zj)’x - Zz> +0 ( & > , T € BLSg,i(zi)’

das; 1
~=0{rm5 2.10
Oz <|1n5|)’ (2.10)
OWo 25, (%)
azi,h
| T )(P+1)/21 sl =zl zin — 1
ek L— — +0 | —— |, =€ By, (%),
asi Zih — T 1
I E o O\ O\ B.. ().
1n§|$—zi|2Jr (|1n8|>’ z € Q\ By, (2)
| (2.11)

3. THE REDUCTION
Let
<1
oy = oD el <
¢'(1)Inlz|, |z| > 1.
Then w € C*(R?). Since ¢'(1) < 0 and In |z| is harmonic for |z| > 1, we see that w satisfies

—Aw =wf, inR? (3.1)
Moreover, since w, is Lip-continuous, by the Schauder estimate, w € C*“ for any o €
(0,1).
Consider the following problem:
—Av—puw? v =0, ve&L®R?), (3.2)

It is easy to see that g—i, i = 1,2, is a solution of (3.2). Moreover, from Dancer and Yan

[11], we know that w is also non-degenerate, in the sense that the kernel of the operator
Lv = —Av — pw? v, v € D*(R?) is spanned by {Qu v

Ox1’ Oxa J°

Recall that Z = (21, , 2;,), and z; € (2 satisfies
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d(z,00) > 0>0, |z—z|>0"  i#] (3.3)

where p > 0 is a fixed small constant, and L > 0 is a large constant.
Let P. z; be the function defined in (2.8). Set

P,
F(;’Z:{’U,I’U,ELOO(Q), 0 JZJ O’j:17...’m7h:172}’
Q aZJh
and
_ . 2,00 1 anSzJ _ s _
Esz=<u: ueW>*Q)NH;(Q), | Al =—)u=0,7=1,---,m, h=1,2¢.
Q aZth

For any u € L*>(Q2), define Qsu as follows:

m 2
Qsu = u — ZZ()M( <6£jij>>’

7j=1 h=1
where the constants b;5, j =1,---,m, h = 1,2, satisfy
m 2
OPF5 7\ OPs 7 8P ;
S (- [ () ) = [ 3
i Q Ozjn aziﬁ azzh

Since fQ 5] ZJQ u = 0, the operator ()5 can be regarded as a projection from L*({2)

to F5z. In order to show that we can solve (3.4) to obtain b;;,, we just need the following
estimate ( by (2.10) and (2.11)):

OPs, 7\ OF5 7,
_ 52 A 4] 145t
/Q < 82’]'7]1 ) 821 A

8W5 125,05, 8a57 i apg’z’i
:p [2 (W(S,Z]',a[;] a(;]) < : - . ) (35)

0z p Ozjn) Oz,

1 5
i —— O — 2,
ey <| 1n5|p“|1ng|>

where ¢/ > 0 is a constant, 0;;,;, =
Set

» =1,if i = j and h = h; otherwise, Oiini = 0.

p—1
2
Lsu = —6%Au — (Z Ps 7 — m| quE €|)> U
Jr

We have the following lemma.
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Lemma 3.1. There are constants po > 0 and oy > 0, such that for any § € (0,80, Z
satisfying (3.3), u € Esz with QsLsu =0 in Q\ UL, Bry; (2;) for some L > 0 large, then

Po
HQéLéuHL‘X’(Q) > ]lné\l’*l HUHLOO(Q)
Proof. We will use || - || to denote || - || o) and s, ; = s, ;-

We argue by contradiction. Suppose that there are 6, — 0, Z, satisfying (3.3) and
Uy € Es, 7, with Qs, Ls,u, = 0 in Q\ UL, B, (2j), such that

1 1
L nlloo < T s -1
and [|u, || = 1.
Firstly, we estimate b;, in the following formula:
m 2 oP
57’1,7 s, j
Qs Lot = Lot = 303ty (282002 ) (3.5
j7

j=1 h=1

For each fixed i, multiplying (3.6) by anz—é"’i7 noting that

0P, 2,

=0
azi7B ’

/Q(QanL(snun)

we obtain

Using (2.9) and Lemma A.1, we obtain
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p—1
6P5 7.4 27’(’(](.1‘) 8P5 Zo i
_ _£2 ny,4n, n,4n,
-/, M( Bz ) (Zp‘s e R e
+

ih
_ / (W5 —asg ,)p_l (aW‘Snvzi,nvaén,i . aa‘s"’i) U
- ny2i,m A8y, i n,t _ _ n

Q + 82¢,h 8Zi,h

p—1
— p/ W6n7zin7a6 i - (157“1 + O 3 Mun
Q B ne,| /).  Ozp
52
=0 n ]
|Ine,|

Using (3.5), we find that

2 p+1
binn = O (5n|ln5n| ) .

|Ine,|
Therefore,

=1 h=1 Ozjn
m 2
2 : j : p—1 aWénij,n:aén,j aaén,j
=P b]hn Wélzjna,;nj a5n]) 82 - 62
]:1 h=1 7,m ]7h

Thus, we obtain
8|10 8, 2" 11
Fottn = bt 10 (ﬁ) -0 amar)
For any fixed 7, define

Uin(Y) = Un(Sn,iy + Zin)-
Let

2 p—l
- 2mq(x
L :_Au_p& (prnan(Snzy+Zzn>_1_ ( )> u,

p klIne,|
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Then

2 ~
TnHLnai,nHoo = || Ls, tn||oo-
n,0

5\ 2 1
(_) ‘O(|1n6n|p—1>’

Noting that

we find that

As a result,

L,i;, =o0(1), in L™(Q,),

where Q,, = {y D0nY + 2Zig € Q}
Since ||@;nlleo = 1, by the regularity theory of elliptic equations, we may assume that

ﬁi,n — U,,L', ln Cl];)c(Rz)
It is easy to see that

m p—1
2mq(v)
n,i 7, _1_
(Z: b onl i) f~e|1nsn!)

+
s p—1
Ws o ar @)
B ( o o (|1nen\))

1
— wh .

Then, by Lemma A.1, we find that u; satisfies

—Au; —pwﬁ_lui =0.
Now from the Proposition 3.1 in [11], we have

ow ow
— 3.7
U; 018 o +628x2 (3.7)
Since
0Ps, 7.
A(—")u, =0,
/Q ( 8Zi,h )
we find that

9
p—1 o
/ ¢+ azh O’

which, together with (3.7), gives u; = 0. Thus,
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iy — 0, inC'(BL(0)),
for any L > 0, which implies that u,, = o(1) on 0By, ,(zin)-
By assumption,

Q(Sn LEnun = 07 in 2 \ Uf:lBLsn,i(Zian)'
On the other hand, by Lemma A.1,

- 2mq(x
(Z B2, =1 A) =0 ye\ U§:1BLsn,i(Zi,n)'
j=1 +

 k|Ineg,|
Thus, we find
—Au, =0, yeQ\U~ B, (2in)
However, u, = 0 on 02 and u,, = o(1) on 0By, ,(%in), i = 1,--- ,m. So we have

u, = o(1).
This is a contradiction.

Proposition 3.2. (QsLs is one to one and onto from Es z to Fs z.

Proof. Suppose that QQsLsu = 0. Then, by Lemma 3.1, u = 0. Thus, (QsLs is one to one.
Next, we prove that (J5L; is an onto map from Ej 7 to Fjs .
Denote

E= {u:ueﬂg(ﬂ), p2oti

[e) sz,h
Note that E. z = ENW?>(Q).
For any h € Fjz, by the Riesz representation theorem, there is a unique u € H{ (),
such that

52/DuD30:/l~1g0, Ve Hy9). (3.8)
Q Q

On the other hand, from h € Fs 7, we find that u € E. Moreover, by the LP-estimate, we
deduce that u € W>*°(Q). As a result, u € Esz. Thus, we see that Qs(—3?A) = —§%A is
an one to one and onto map from Ej z to Fj z. On the other hand, Qs Lsu = h is equivalent
to

_ 2mq(z)

m p—1
u=pi (—QsA)" | Qs (Z Psz;—1 > u | | +672(—QsA) " h, u € Esy.
Jj=1 +

k|Ine|

(3.9)
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k|lne|

-1

It is easy to check that 672(—QsA)~! {Q(g ((ZTzl Psz;—1— Qﬂq(m))p uﬂ is a compact
+

operator in Ejz. By the Fredholm alternative, (3.9) is solvable if and only if

u=(p—1)5(~ Qs> (2:%@ jﬂ?) u

has trivial solution, which is true since (JsLs is a one to one map. Thus the result follows.

O
Now consider the equation
Qs Low = Qsls + Qs Rs(w), (3.10)
where
3 2mq()\" -
_ o, 2mq(x) ) Y
" (Z Fozg =1 /ﬁ\lns‘) Z Wiz, a573)+’ (3.11)
Jj=1 + 7=1
and

, 0.2,3 k| lng| 0.2,3 k| lng|
j=1 + +

i e (3.12)
mq(x
— Piy—1—
P (Z 0.2 k| In 5|> w
Jj=1 +
Using Proposition 3.2, we can rewrite (3.10) as
w = G(;w = (Q(;L(s)_ng (l(g + Rg(&))) (313)

The next Proposition enables us to reduce the problem of finding a solution for (1.9) to
a finite dimensional problem.

Proposition 3.3. There is an 6y > 0, such that for any 6 € (0,dq] and Z satisfying (3.3),
(3.10) has a unique solution ws € Es 7, with

Jwslloe = O (813" ).

Proof. 1t follows from Lemma A.1 that if L is large enough, ¢ is small then

27
(ZP(SZ] q< >> :()7 xEQ\U;'nleLsé,j(Zj)'
J’_

 k|Inel

Let
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M= Eszn {HwHOO < | 1n5|”z;1}.

Then M is complete under L* norm and Gy is a map from Ejz to Esz. We will show
that Gy is a contraction map from M to M.

Step 1. G is a map from M to M.

For any w € M, similar to Lemma A.1, it is easy to prove that for large L > 0,  small

" 2mq(x
(Z Py —1+w— 2 >) —0, i Q\UL,Bu, (). (3.14)
j=1 +

k| lne|
Note also that for any u € L>(Q),

Qsu=u inQ\UL B, ().
Therefore, using Lemma A.1, (3.11) and (3.12), we find that for any w € M,

Qsls + Qs Rs(w) =I5 + Rs(w) =0, in Q\ UL, Brg, (%)

So, we can apply Lemma 3.1 to obtain

1(QsLs) ™" (Qsls + QsRs(w))llse < ClI 6P H|Qsls + Qs Rs(w)]|oo-
Thus, for any w € M, we have

1G5(w)lloo =[(QsLs) "' Qs (Is + Rs(w)) oo
<C|In 6P Qs (ls + Rs(w)) |-
It follows from (3.4)—(3.5) that the constant b, , corresponding to u € L*(2), satisfies

o <0|1narp+12/\8£?2

(3.15)

Since

ls + Rs(w) =0, inQ\ UL By (),
we find that the constant b, j, corresponding to ls + Rs(w) satisfies

ap&Zz

b;.n] <C| 1115|10+1 Z/
L35

<C¢| lnélTHla + Rs(w)|]oo-

115 + Rs(w )Iloo)

As a result,
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1Qs(ls + Rs(w))lloo

<||ls + Rs(w HOO+CZ|bjh| (8;;2])”
Jsh

o

<Cls]loc + C|| Rs(w )lloo~
On the other hand, from Lemma A.1 and (2.9), we can deduce

p m
2mq(x)
islloo = (ZR;Z] Wnd) —;(Wa@-,aa,j—a@j)i
=

CS(M p—1
_|ln5|ZH Wospass = a05)s |

o[—20 ).
|Ine|[Ind| =

For the estimate of || Rs(w)||o, we have

2mq(x)\P - 2mq(x)\P
sl = H ZP&ZJ—H )+‘<;P5’Z’j_1_m\1ne|>+

o0

K|lne|

2mq(x) \P~
. Pigi—1— )
p(jzl 0.2.3 kllng|/+ w

b (3.16)
2mq(x)
< 2 P _
—CHWHOO <Z 0,2, — |1n5|>
+ oo
_ |wllZ
_O(|ln(5|p—2 ’
Thus, we obtain
1Gs@)lloe <CIM0 6P (Iisllo + 1 Bs(w) 0
2
<C|n P! ° . ”“’”‘”2 (3.17)
|ne|[Ing|"z  [Indl-

<5|ns|"z

Thus, G, is a map from M to M.
Step 2. G5 is a contraction map.
In fact, for any w; € M, i = 1,2, we have
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Gswi — Gsws = (QsLs) ' Qs (Rs(wr) — Rs(ws)).
Noting that

Rs(w1) = Rs(we) =0, in Q\ UL, Brg, (%),
we can deduce as in Step 1 that
|Gswr — Giwalloo <O 8P~ Rs(wr) — Rs(ws)lloo

1 (lenlloo | flwafloo
<C|IndP (‘ o o]r-2 + TV Jwi — wallo

1 1
<CO| 8| [Jwr — wales < §||w1 — wo e

Combining Step 1 and Step 2, we have proved that Gy is a contraction map from M to
M. By the contraction mapping theorem, there is an unique ws € M, such that ws = Gsws.
Moreover, it follows from (3.17) that

p—1
lwslloo < O] Ind| 2.

4. PROOF OF THE MAIN RESULTS

In this section, we will choose Z, such that ZTZI Ps 7 j+ws, where w; is the map obtained
in Proposition 3.3, is a solution of (1.9).

Define .
5 1 2 P
[(U) _ _/ |Du]2 o _/ (’LL 1 WQ(QJ))
2 Jo p+1Jq Kk|Inel J

K(Z) =7 (i Pg,z,j + w5> . (4.1)

J=1

and

It is well known that if Z is a critical point of K(Z), then Y 7", P z; + ws is a solution of
(1.9).
In the following, we will prove that K(Z) has a critical point.

Lemma 4.1. We have

K(Z)=1 (i Pa,z,j> +0 (53| 1n5|?) .

j=1
Proof. Denote

m
P.z= E Psz;.
=1
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We have

(52
K(Z) :](P6,2>+/52DP572DL05+5/ |Dw5|2
Q Q

2 p+1 2 p+1
(P&Zw_l_ wqm) _(PM_I_ wq(x)) |
Q + +

k| lne| k| lne|

1

p+1

Using Proposition 3.3 and (3.14), we find

J

a ‘/U;'n_lBLs(;’j (ZJ)
2

o S(S,j‘wt;HOO B 3 p=3

—0 (—“M'p _0<5 10 8|2 )

On the other hand,

K|Ine| Kllnel

9 p+1 2 p+1
(Pg’z—Fw(;—l— Wq(lf)) — (Pg’z—l—m)
+ +

2 p+1 2 p+1
(s o1 ZHY " (g )
+ +

Kllne| kllne|

5? / DP;zDw. =Y / (Wazyas, — a65)" ws
Q j=1 Q

m

_ A\P

= § / (W25, — 6.4)4ws
1 Ug-":lBs(;‘j(Zj)

Jj=1

:0(53|1n5|¥>.

Finally, we estimate 0° [, | Dws|?.
Note that

27T -
—52AW5 = (ngz +ws—1-— (] ) Z W(Szj as; a5])p
7=1

k| lne|

+353 s (-allen).
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Hence, by (2.9), we have

2mq(x -
2 2 p
) /Q|Dw5| —/Q (P57z+w5—1 /<L|hl€|) Z 5zjaéj—a57j)+]w5
0P52
+ZZ%/(— 5 hj)w

Jj=1 h=1

m 2
1 Saj\bjh\szsHoo
=p / W,Zwa.—a’-p ( —|—w)w +0 —
; Q( P 6])+ |1n | ) ZZ (5|ln(5|3

=0 (6*In P71 .

So we can obtain that

K(Z)=1 (i P5,Z,j> +0 (53| 1n5|¥) .

j=1
O
Lemma 4.2. We have
OK(Z) o) - X p1
= 1 Ps 7 | z ).
(921-7;1 8zi,h (; 6727]) + O<5 | n5| )
Proof. Firstly, we have
0K (Z) , 0Ps 7  Ouws
=(I'lP ’
Gz@h < ( 57Z+W5>’ 8,2,»;1 + (92,;,;1
0 , Ows
_3Z¢,hI<P6’ > <I (P&Z +w6) P zh> (4'2)
271'(](%) 27Tq(:L‘) P 0Ps 7
— P —-1- — | Psz—1— :
/Q < 52+ Ws ,‘<;|ln<€|)+ ( 2 k[Inel )| Ozin

Since ws € Es 7, we have

W6 ziyas; — Qi 8W5 ot 8a€’i Wy = 0.
Q ( 321,35,4 )

azl,h azi,h

Differentiating the above relation with respect to z;, we can deduce
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On the other hand, using (3.16

~~

2
/ P&Z + ws — 1-— WQ(:L‘)
Q k|Ineg|

omq(x) \ P
—p(Pa,z—l— al )) ws
+

k| lne|

O0Ps 7
0zi,h

(Pa 7z —

- (W&zi,a&i - aﬁ,i)i’jl

P
/R(S 8 6Z’L /
Q
SaszaHoo
@)
(]lna”ln(ﬂp !

:O<53|1n5|7>.

Thus, the estimate follows.

Define

mmd?

p

ws

- (Pa,z—l—
+
2 p

:/ FPsz +ws—1— malr) )" Psz—1-
O k[lnel /|

0PFs 7, /
azi,h P Q

o (il

aPJ&Z]

_52A
(5 Oz;p,

%)

8w5
8Zi7h

Ow,

O0Ps 7

|Inel| ln(ﬂpl)

_ 2mq(x)

762 1In L
0

Cs1 = -
In £
1>

|In £||Ine|’

)

Cs2 =

p—

+

1

- (W(;,Zi

yA§ 4

(mr + )5

In £
1>

2mq(x)
kllne|

821'7}1

- aa,i)

where 77 > 0 is a small constant and o > 0 is a fixed small constant. Let

D={Z=(z1,""",2m): % E€Qpi=1,---,

Denote K¢ ={Z:Z e D, K(Z

j>Qe,j _ 80/57]’
(92]-7,; 0z, ) Ozip

+

p—1
+

for the definition of Rs(w), see (3.12)), we obtain

2mq(x) )p

2mq(x) )p

0Ps 7,
82’1'7}1

m, |z = 2| > ¢*i # 4},
where (2, = {y cy € Q, d(y,00) > Q}, and L > 0 is a large constant.
) < c¢}. Consider

ws
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PO — _DK(Z(t)), t >0,

Z(0) € Keo.
Lemma 4.3. Z(t) does not leave D before it reaches K.

Proof. Note that

h(y.2) = oo ULIL S

Yy—z

1 —
2r |y — Z| +oll), on 27|y — Z|

(

n
ly — 2|’

>+qm (4.3)

if z is close to OS2, where n is the outward normal unit vector of d{y : y € Q,d(y,0Q) <
d(z,09)} and Zz is the reflection point of z with respect to 0fQ.
Suppose that there is ¢y > 0, such that Z(ty) =: (21, , 2m) € OD.

(1) Suppose that there are i,5 € {1,2,--- ,m}, such that ¢ # j and |z; — 2;| = ok
Since d(z,082) > p and Z ¢ Q, using (4.3), we get |h(zj, z;)| < Clné for any 1, j.

Thus, we have

G(Zl’, Zj) > In

—Clnl zilnl—Clnl.

|2 — 2] 0 0 0
Then, by Lemma 4.1 and Proposition A.2, we have
m7r52 THC’(S2 In 1 E(SQ In 1
K(Z) < + 2 — < cs1,
DN E T T mEp  mEy ~
if L > 0 is large.
(2) Suppose that there is 4, such that z; € 0€,.
Let n be the outward unit normal of d€2, at z;. We have
8@((zj, Zz) 1 2 T Zj 8g(zj, Zz)
= - N ) — ——F
on |z; — 2| \ |z — 2] on

where n is the outward normal unit vector of 0€2, at z;.

On the other hand, if z; € €, j # i, satisfies
Zi — 25

< J ,n> < 0,
|2 — 2]

Zi — 25
<|z _ZJ'|,n> = O(|zi — %)
i T 7

then,

So, we obtain

<Zi_zj n>2—0\zi—zj], Vi #i.

|20 — 25
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As a result, by Lemma 4.2 and Proposition A.3, we have

0K _ 4m26%  Oq(z)  2m6* Og(z, z)

on “kllne||[In£| on (In£)2 on
Zm: 2m0% 0g(zj,2)  C9°
P (n£)2  on (In £)2

On the other hand, we derive from (4.3)

99(zi,z:) 14 o0(1)
on 20

and

09(zj,zi)  1+o0(1), z — z;
6n N |21—Zj| |2i_zj|, >7
where Zz; is the reflection point of z; with respect to 0f2.
It is easy to check that if |z; —z;| < M, where M > 0 is any fixed large constant,

then
< %i_zj n> > 0.
|2 — 2]
So
2
0K > 27:2 <1—|—0(1) _ 1+0(1) —C’) -0
on — (In )2 20 Mo
Therefore, the flow does not leave D. O

Proof of Theorem 1.6. We will prove that K(Z) has a critical point in K2\ K.
Suppose that K(Z) has no critical point in K2\ K%!. Then from Lemma 4.3 that
K21 is a deformation retract of K2,
It is easy to see that K2 = D and

{Z:ZeD,|z—z|= o", for some i £j} C Ko
On the other hand, take R large enough such that irglzfq > —”(1”6;1) — = 2y 9(255 25),
then K(Z) < ¢;; implies that

_iﬁé(%‘,zz‘)y - mo*In
por (n£)2 = |lnel|In &)’

which implies that there are ¢ # j, such that

1
G(zj,2) > In—.
0
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So, there is a a > 0, independent of J, such that

|2i — 2| < 0™

Therefore,
(Z:Z e D,|z — 2| = oF, for somei # j} (0.4
C K%' C{Z:ZeD,|z—z| <o for somei#j}. '
Filling the hole D* =: {Z 1 Z €D, |z —z| = oF, for some i # j} in D, we obtain
7z € Qy |z — 2] < Z,forsomez' ]
{ 0 | ]‘ >0 #J} (4.5)

C K®'UD* C {Z 12 € Q|2 — 25 < 0%, for somei;éj}.

Since K1 is a deformation retract of K2 we find that K%! U D* is a deformation
retract of K2 U D*. On the other hand, {Z 0 2 € Qp,2; = z;, for some i # j} is a

deformation retract of {Z D2 € Qg |2 — 2] < 0%, for some i # j} if o > 0 is small. Using
(4.5), we see that

{Z: 2 €Qy, 2 =z, for somei # j}
is a deformation retract of

Qp x -+ xQp = KU D",
—_——

m

This is impossible if €2 has nontrivial homology.

2
Thus we get a solution wg for (1.9). Let u. = %w& d=¢ ("‘“—28') ® it is not difficult

to check that u, has all the properties listed in Theorem 1.6 and thus the proof of Theorem
1.6 is complete.
O

Remark 4.4. In the proof of Theorem 1.6, what we actually need is that the following
function

4m? & - U
(Z) = % ZQ(Z]') + 27 Z h(zj, zj) — wz G(zj,z) +mrIn R
J=1 J=1 J#i

as well as its small perturbation (in a suitable sense) has a critical point in D. Moreover,
using the estimates as in Lemma 4.2, it is easy to see that if > 7", P57 ;() + ws is a
solution of (1.9), and Zs — Zy as 6 — 0, then 7, is a critical point of ®(Z).

Proof of Theorem 1.4. Note that the Kirchhoff-Routh function associated to the vortex
dynamics is

K2 (2
Wz, 22,7+ 2m) = 7ZG(Zi>Zj) + o ZH(%Z&) - KJZC](Zi)-

i#j i=1 i=1
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Recall that h(z;, z;) = —H(z;, 2;), it is easy to check that
Q(Z)=—-——W(Z) +mrnR.

Hence, ®(Z) and W(Z) possess same critical points.
By Lemma 4.1, 4.2, Proposition A.2 and Proposition A.3 we have

mmd*  m(p — 1)7d> 52 5?In|Ine|
K(2)= mE 4B |1n5|2¢’(2>+0< TP )
and
0K (Z) _ 5 09(2) Lo (621n|1n8|>
0zip |Inel? Oz |Ine|? ’
Thus, non-degenerate critical point of Kirchhoff-Routh function W(Z) implies that K(Z)
has a critical point. So the result follows. O

Now we are in the position to prove Theorem 1.1.

Proof of Theorem 1.1. By Theorem 1.4, we obtain that u. is a solution to (1.8).
Set

1 2
o 5| Vel

kllne\*™ 1
p+1

1
VEZ(VUE)L, LUE:VXVE, PE:—<’LL5—(]—
+

then (v, P.) forms a stationary solution for problem (1.1).
We now just need to verify

/wa—>mm, as € — 0.
Q

By direct calculations, we find that

/ 1 / k|Inel\”
We = — Us — q —
Q g2 Q 4 2w n
Iip|1rl€|p/ ( 27mq )p
=P (-1 -
(2m)re? Jg K|Inel ),
/ip|1n5|p ssi \\
; Wi, s+ 0(225)
27T p€2 Z \/;LSS ( 67 1,454 a57 + |1n€| >

2p

kPs?.|InelP ( ) >p—1
= E —_— | — &" +o(1
(2m)re? S5, B1(0) @

i=1 s,

7Z/<aa51|ln€| +o1)

55,1

—mk ase — 0.

Therefore, the result follows. [l
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APPENDIX A. ENERGY EXPANSION

In this section we will give precise expansions of I (Z;"Zl Py Z,j) and %I (Z;’Ll Ps j> :
which have been used in section 4.
We always assume that

5=zl > 0t i# ],
for some small o > 0 and large L > 0.

Lemma A.1. We have

. 2mq(y) .
jz:; P&Z,j(y) > 1 + li’ 1H8’ ) ) € Bs(;,i(lfTs(;’i)(zi)a 1= 17 e, m,

where T' > 0 is a large constant; while

S 2mq(y) m
; Pszi(y) <1+ wme] Y € Q\ UL By, ;(1457,)(%),

where o > 0 is a small constant.

Proof. Suppose that y € By, 1-7s;,)(2:). It follows from (2.9) and ¢/(s) < 0 that

klIne| el

m 27T S i
S Pagly) — 1 — 24 wa,zi,%,xy)—aa,ﬁ()( 5 )
7j=1

az(s,i |y—z1/| 1
:|¢'(1)||1n5|¢( So1 )+ O(g|Ine| 7)) >0,

if T' > 0 is large. On the other hand, if y € Q\ UJL, B (z;), where & > 0 > 0 is a fixed
small constant, then ’

ipa,z,j(y)—l—%‘-’(y) iaa,jlni/1n£_1_ A

k|lne| ‘= ly — 2] Ss.j m|Ine|

<05 —1+o0(1) <0.
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Finally, if y € Bsg’i(zi) \ BSJ’i(lJrngi)(Zi) for some 7, then

. _2mqly) s2
P _ L 40
Z (5,Z,](y) /{|ln€’ 6,24, é,z(y) as + lIl R
7j=1 85,1
In Lt 35
— ly—=zi| X}
=as; 1 R’ — Q54 + O (ln R. )
S5,i 85,1
In(1 +7T's§; 53
< - Qg ( R d ) (1 67R > < 0,
55,1 55,1

if T > 0 is large. Note that by the choice of 7, By, (14s7,)(2i) D B, a+1s7,)(2:) for small
0. We therefore derive our conclusion. ’ O

Proposition A.2. We have

m7r52 m(p— 1) &2 T Ar26%q(z)) = mg(z4, 2)0°
(ZP””> T w2 12 (T

— k| Inel[In £
7rG zj,zl )6> 6?In|Ine|
a Z 0 |Inel® /-~
J#i

Proof. Taking advantage of (2.3), we have

First, we estimate
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_/ )(Wa %0065 Cba,i)pH + aa,z'/ (W21 055 — aé,i)p

Qs
- R / (W§ Ziasi a/(m)pg(y’ Zi)
Bss ;(21)

5 2(p+1)

— =l 2 +1 0 \»T o
= (—) 86,1' / (bp + 0/571' (_> 8572- ¢p
S6,i B1(0) 86,

o (D) gt [ oo
- 7 - Ry %i)Ssq —_— .
s/ " e | Inefrtt

Next, for j # i,

as,i
/ (W572j7“6,j - aé,y) Ws Zisas I—RQ(% Zz’)
Bs&j (z5) n_—
D

J 56,1

0 o't _Gsi vy — 21\ A
e e A G L

5"] n 56,1 BS(;’J' (ZJ) 5).7

0\l 4siS3 _
()T [ DG+ ey )

6, N /B0

) ),f”la(;isgj _ 3
()G ) [ et 0 ()

<36,j In f J B1(0) | In ‘p+1

By Lemma A.1 and (2.9),

m m p+1
2mq(x) / 27q(x)
Psz,—1— Pisi—1—
/(; <Zl I KJ| ln€| ) Z BL35] Z] Z n /{| ln€| I

7j=1
p+1
Wé,z-,a — as +O( ))
1/BLS(S (= )( sy |1n5|

tnqs

j:
m 2(p+1) 3
_ g pt p+1 ’y _ Z]| S‘;,j
=25 PN\ ) O e
=1 \%%j Bus ;(25) 85,5 [Ine|
2(p+1)

pnqs

0 ) P / +1 ( Sg) j )
— S5 ; P +O0 (| —22— ).
- <56J * JB10) | Inefrtt

J
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So, we have proved

m(p+1) 6%a3, + mo%a3;  mg(z,zi)0%a3,
4 an]Q \ln£_| |ln£_]2

" 7G (25, z1)0%as a5 as S5
+ LR )
2 | In ] Zu 7 | O\ el

But

. L+ 2mq(zi) | g(ziz) zm: G(zi, 2) ( 1 )
o k|Ine| In £ — In 1L |Ine|?
ts, J#i L5,

Thus, the result follows.

Proposition A.3. We have

ZRSZ _ An%* Oq(z) N 2md* Og(zi,2i) zm: 216% OG(zj, 2;)
] (
' i

kllnel|ln £ 9z, (In£)2 0z In£)2 0z
6%In |Ineg]
o (i)

Proof. Direct computation yields that

m p

Z Z OPs 7, Z q(x) OPs 7

_ 2 . bl 3 _ ) )
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Using (2.9) and Lemma A.1, we see that there is a ¢ > 0, such that
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On the other hand, for j # ¢, from (2.9), we have
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Thus, the result follows.
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